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Abstract 

A class of squeezed states for the su(l,l) algebra is found and expressed by the ex- 
ponential and Laguerre-polynomial operators acting on the vacuum states. As a special 
case it is proved that the Perelomov's coherent state is a ladder-operator squeezed state 
and therefore a minimum uncertainty state. The theory is applied to the two-particle 
Calogero-Sutherland model. We find some new squeezed states and compared them 
with the classical trajectories. The connection with some su(l,l) quantum optical 
systems (amplitude-squared realization, Holstein-Primakoff realization, the two mode 
realization and a four mode realization) is also discussed. 

PACS numbers: 03.65.-w, 02.20.-a, 42.50.-p 

1 Introduction 

Squeezed states become more and more interesting in the quantum optics |l| and gravita- 
tional wave detectionp|. It is well known that there are three definitions of the squeezed 
states and coherent states |P, §], that is, (1) the displacement-operator acting on the vacuum 
states, (2) the eigenstates of the linear combination of creation and the annihilation operators 
and (3) the minimum uncertainty states. These three methods are equivalent only for the 
simplest harmonic oscillator system. The minimum uncertainty method works well for both 
the coherent and squeezed states for any symmetry systems ^ and the ladder-operator 
squeezed states for general systems are described in [0. Both methods are equivalent |^, 
namely, the eigenstates satisfying 

[^lJ- + ur)\(3) = m. (1-1) 
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are the minimum uncertainty states [0. Here fi and u are complex constants satisfying 
|z//yu| < 1, J~~ and its hermitian conjugate are the lowering and raising operators, re- 
spectively. In a previous paper we have discussed the squeezed states of arbitrary density- 
dependent multiphoton systems and expressed the coherent states and squeezed vacua in the 
exponential displacement-operator form 

In this paper, we shall restrict ourselves to the su(l,l) system 

[J+, J-] = -2J°, [J°, J^] = ±J±, (1.2) 

and its discrete representation 



J+\k,n) = ^^{n + l){2k + n)\k,n + l), 
J~\k,n) = \Jn{2k + n — 1) n — 1), 

J^\k,n) = {n + k)\k,n). (1.3) 



Here \k, n) (n = 0, 1, 2, ■ ■ ■) is the complete orthonormal basis and k = 2, 1, |, 2, ■ ■ ■ is the 
Bargmann index labeling the irreducible representation {k{k~l) is the value of Casimir oper- 
ator). Motivated by Bergou et. al. |p, we first write \(3) = D{a)\\f3) {D{a) is the Perelomov's 
displacement operator, see ( p.2[ )) and find that can be written as an exponential operator 
acting on the vacuum state. This exponential operator can be cut off in special cases and 
reduces to a Laguerre-polynomial form. In particular, as a special case, we prove that the 
Perelomov's coherent state is the ladder-operator squeezed state of su(l,l) and therefore a 
minimum uncertainty state. The connection of these squeezed states with the Perelomov's 
coherent states is also revealed. 

Let us emphasize that the squeezed states obtained in this way appear in a number of 
physical systems p|, |1^, [11], |12|, and in some cases, such as Raman processes, they are 



present while normal squeezing is not Squeezed states of this type are also useful in 

improving the accuracy of interferometric measurements. 

Recently the Calogero-Sutherland (CS) model has attracted considerable interest [ p!5|] . 



The two-particle CS model enjoys the su(l,l) dynamic symmetry []TB|, and its coherent 



states are investigated in [|TB]. So we can apply the theory developed in the Sec. 2 to in- 
vestigate the squeezed states. As a concrete example we consider the first-order Lagurre 
polynomial squeezed state and compare it with the classical trajectory and the Perelomov's 
coherent state. Some interesting features are found. 

The theory is also applied to the su(l,l) optical systems, namely, the density-dependent 



Holstein-Primakoff (HP) system [T^, amplitude-squared system, two- mode system and a 
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four-mode system. The truncated states of these systems have aheady been discussed by 
several authors one by one 0, |Tl], |1^, |13[. Our approach presents a unified treatment. 
The truncated states are expressed by the Laguerre polynomials in a unified way. We believe 
that the results on the density-dependent HP system for arbitrary k is new. 

In appendix A we prove that the Perelomov's displacement operator D{a) is ill-defined 
for |a| > 2 for the discrete representation (|1.3|) . This seems not noticed before. In this 
connection an additional remark on the exponentiation of the Woo algebra is given. The Woo 
algebra is an infinite dimensional Lie algebra which plays important roles in particle physics 
and solid state physics ||2^ . 



We use the notation 



^ fin)f{n 



7(1), 1/(0)1! 



;i-4) 



where f{n) is a function defined for non- negative integers n. It is obvious that it is related 
to the gamma function when f{n) is a linear function of n, = r{A + n + l)/r{A + l). 

2 General approach to su(l,l) algebra 

We start with the eigenvalue equation ( p..!]) . The special cases z/ = and (3 = have 
already been investigated in a previous paper ||]. The eigenstates are the lowering-operator 
coherent states and squeezed vacua expressed in terms of an exponential operator acting on 
the vacuum state. It is not known, however, how to solve equation ( |1 . 1|) in its full generality. 
We here follow the spirit of Bergou et. al. and write \(3) in the form 



\P)^D{am, 

where D{q) is the Perelomov's displacement operator 

D{a) = exp iaJ'^ — a* J' 



(2.1) 



(2.2) 



and the parameter a will be specified later. Here we should note that the operator D{a) is 
ill-defined for |a| > 2 for the discrete representation (|1.3| ) (a proof is given in Appendix A). 
By making use of the following relations (a = re*^) 



D-^{a)J-D{a) = cosh^ r J" + sinh^ re^^^ J+ + e^^ sinh(2r) J°, 
we obtain the equation for 



(2.3) 



|sinh(2r 

+ 



—i6 I 21 

ue + fie 



H cosh r + PC * sinh r 
3 



j'^ + u cosh^ r -|- /ie^*^ sinh^ r 



(2.4) 



To solve this equation we simplify it by canceling the term J+. This is achieved by requiring 



e^*^tanh^r = -z///i, 



(2.5) 



by which r, 9 are determined for given values of /i and v. We note here that 
tanh^r < 1, which is in accord with our previous assumption, and that if a satisfies 
then so does —a. Under the condition (^75|) , Eg. ( p. 41) is simplified as 



e*%inh(2r)j" + cosh(2r)J-J \\(3') = (3'\\(3') 

where = cosher /5/yU and we denote 1(3) = \\P'), for simplicity. 
To obtain the explicit form of we expand it as 

oo 

\m = T.Cn\k,n). 

n=0 



(2.6) 



(2.7) 



Then, inserting ( |2.7| ) into (p^) and using ( |1.3| ), we get the following recursion relation 



cosh{2r)J{n + l){2k + n)Cn+i= (3' - e''^ smh{2r){k + n) Cn 



which leads to 



Therefore 



Cn 



' - e'^ smh{2r){k + n - 1)]! 



cosh(2r))" + 2k - 1]! 



Co. 



- 1/3' - e'' sinh(2r) (n + A; - 1)] ! , , . 
Go > , \k,n} 

n=o (cosh(2r))"y'n!|n + 2A;- 1]! 

- [/j'-e'Mnh(2r)(n + fc-l)l! 



(cosh(2r) )"n! |n + 2A; - 1] ! 
For convenience, we introduce the number operator Af by 

N=J^-k, N\k,n) =n\k,n). 



{21 



(2.9) 



(2.10) 



(2.11) 



Then one can show that 



Ur = r{U+l), /(Ar)J+ = J+/(A/'+l), 
(/(AT) J+)" = (J+)" f{U + l)/(Ar + 2) ■ ■ ■ /(AT + n). 



where / is an arbitrary function of TV. Then as a key step, using Eq. (p.l3|) with 

/?'-e^^sinh(2r)(A; + 7V- 1) 



cosh(2r)(2A;+A/'- 1) 



(2.12) 
(2.13) 



(2.14) 
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the state \j3') is finally written in the exponential form 

OO -| 

w) = coj:^{fmj^y\k,o) 



= cosh(2r)(2fe + Ar-l) -^j'^'Q^ 

So the squeezed state is obtained as 

|/5) = Co/^(a)E(/3')|A;,0). (2.16) 
From (|2.8|) it is easy to derive that 

Cn+l 



lim 



Cn 



n e = -e^^anh(2r). (2.17) 



For real 6 and r, we always have |.^| < 1. Therefore the state 1(3') is normalizable. 
Now we see some special cases. 

Case 1. When j3' = — e*^ sinh(2r)fc, \\(3') has a simple form 

1(3') = Coe-'=''*""^(2^')-^^|A;,0) = Cqc^^^ 0), (2.18) 
which, by making use of the formula (for r < 1) 

exp(-2aJ+ + 2a*J-) |A;,0) = (1 - I^H'^ exp (^J+) |A;,0), (2.19) 
can be normalized as 

1/3') = exp (-2a J+ + 2a |A;,0) = D{-2a)\k,0). (2.20) 
So we finally obtain a surprising result 

1/5) = D(a)D(-2a)|A:, 0) = D{-a)\k, 0). (2.21) 



This is nothing but the displacement-operator coherent state of the su(l,l) algebra [|T6], p 
known as the Perelomov's coherent state. But in this paper we obtain it in a different and 
more natural way. From our formalism we conclude that 

• the Perelomov's coherent state D{—a)\k,0) is a squeezed state in the sense of ladder- 
operator definition, namely, it is an eigenstate of equation (1.1) with eigenvalue j3 = 
2e*^/x/ctanh(— r), and therefore 
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• it is a minimum uncertainty state for su(l,l) algebra. 
This observation seems not have appeared in the hterature. 



Case 2. The infinite series can be cut off for some special values of (3' . Suppose that 
(3' = e*^ sinh(2r)(M + k), where M is a non-negative integer. Then we have 

0, n > M, 



Ml 



n\l2k + n- If. {M - n)\ 



-Co, n<M. 



Therefore 



M 



\m =coy: 



M 



|2A; + n-ll! V M-n 
From formula (|2.13|) it follows that 



7V+2A;- 1 



|A;,0) = i^J^ 



^^ + 



(2.22) 



(2.23) 



n 



U + 2kM + 2k + l"'U + 2k + n-l 



|A;,0) 



(ej+)"|fc,o). 



I2k + n- 1]! 

So we can write (|2.23|) in the Laguerre polynomial form 



(2.24) 



'M + 2k-l 



J+ |A;,0) = CoLMk 



JO- A; 
J^ + k-l 



J+ |A;,0), 



where 



M 



Furthermore, if /c = 1/2, equation ( |2.25[ ) reduces to 

\\^') = C,Lm (eJ+)|A:,0). 

In the HP realization with k = ^, this result was reported by Fan et. al. 
If M = 0, then \f3') 0) and therefore 

\(3) = D{a)%Q), 



(2.25) 



(2.26) 



(2.27) 



(2.28) 



which is also a Perelomov's coherent state. Here we in fact have proved that it is a minimum 
uncertainty state and a ladder-operator squeezed state with the eigenvalue (3 = 2e^^ ^k tanhr. 

Here we would like to remark that all the Perelomov's coherent states D{a)\k, 0) can be 
viewed as the ladder-operator squeezed states of su(l,l), namely, they are the eigenstates of 
the eigenvalue equation 

(2.29) 



(j" -e2^^tanh2(r)J+)D(a)|A;,0) = (2e^^A;tanhr) D(a)|fc, 0). 
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This is achieved by interpreting Eq.( p.5| ) as a constraint equation for not for a. This 
conclusion can also be directly proved by differentiating D(q;)|/c, 0) with respect to r (see 
Appendix B). 



Recall that the squeezed states of the oscillator can be obtained by applying an operator 
(squeeze operator) on the coherent states. So we ask if the state can be expressed in 
a form of an operator, say £^(/9), acting on the Perelomov's coherent state. The answer is 
affirmative. To see this, we start with Eqs.( |2.lO| ), namely. 



||/?') = EC'n(J+r|A:,0), 

n=0 



(2.30) 



r -e'^ sinh(2r)(n + A;- 1)]! 
(cosh(2r))"r2!|n + 2A;-l]! 



Co. 



Then we have 



CoD{a)E{p')\k, 0) = Co \D{a)E{P')D-\a)] D{a)\k, 0) 



(2.31) 



By making use of the hermitian conjugate of Eq.( p.3|) and a — > —a we obtain 



.n=0 

oo 



J2CniDia)J^D-'' 



D{a)\k,0) 



J2 Cn (cosh^ r J+ + sinh^ re'^'^ T - e''^ sinh(2r)/ 



.n=0 



D{a)\k, 0) 



= Co8{(^')D{a)M. 



(2.32) 



However, unfortunately, the operator £{(3') cannot be written in an exponential form. But 
it can be cut off in the case (3' = e*^ sinh(2r)(M + k), where M is a non- negative integer as 
before (write S{M,a) = S{P') in this special case) 



£{M,a) = Y: ^ 



M 



(cosh^ r J+ + sinh^ re^^^V" - e''^ sinh(2r) J°)" . 

(2.33) 



^J2k + n-lj\ \ M-n ^ 

When M = 0, it reduces to the identity operator, and when M = 1, it becomes 

£{l, a) = 1 - ^ (cosh^ r J+ + sinh^ re-^^V" - e''^ sinh(2r) J°) . (2.34) 



Eqs. (|2.32| ),( ^l33|) establish the relationship between the squeezed states and the Perelo- 
mov's coherent states. This is especially important in the case where the Perelomov's co- 
herent states are already known. In the next section we shall consider such an example, the 
two-particle Calogero-Sutherland model. 
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3 Calogero-Sutherland Model 

3.1 Summary: CS model and su(l,l) symmetry 



The CS model of two-particles reduces to the problem of a singular oscillator governed by 
the Hamiltonian 

H -- 



, 1 2 v2 I 9 

2m dX^ 2 



after removing the center-of-mass motion. In terms of dimensionless variables 

.2 1 



the Hamiltonian can be rewritten as 



mg 



h 



2 ' 



(3.1] 



(3.2) 



n = -- 



1 d^ 



2dx' 



1 2 6^' 
+ + — ■ 



(3.3) 



It is easy to verify that the operators [16 
/ d 



2 V dx 



J- 



X^ 



7^ 



(3.4) 



satisfy the su(l,l) defining relations ( |1.2|) . Then one finds that 7i has discrete eigenvalues 
En = 2n + Eq, n = 0,1,2, ■■ ■ and the corresponding eigenstates i/jn can be written 



ijn CX (J+)>o 



(3.5) 



where V'o is defined by J Vo = and TCipo = -E'oV'o = (-^ + |)V'o- The normalized ip^s are 
found to be 



4)" 



2r(n + 11 



1/2 



(3.6) 



r(n + A + l/2)_ 

where L,[f^(x) is Laguerre polynomial and A = | + |vT+~8^ satisfies A(A — 1) = 20"^. These 
states form an orthonormal set in the interval (0, oo). The representation of the generators 
on these states is 



J+Vn(x) = v'(n + l)(r2 + A + l/2)^„+i(x), 
J'ipnix) = ^Jn{n + X - l/2)tlJn-i{x), 
jVn(a:) = (n + A/2 + l/4)7/;„(x), 



(3.7) 



which is nothing but the k = A/2 + 1/4 discrete representation of su(l,l) algebra. Therefore 
the theory developed in Sec. 2 can be applied to study the squeezed states of the CS model. 
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3.2 Squeezed states 

The Perelomov's coherent state D{a)\k, 0) = '^2{x) for CS model has aheady been exphcitly 



given 



V2 ( 

v'r(A + 1/2) 1(1 + 0' 



X' 



' exp (i/x' 



where 



( = e*^ tanh(r) or r 



In 



1 + ICI 



y 



1 f i-C 

2 [i + C, 



1 / cosh r — sinh re" 



(3.8) 



. (3.9) 



2"'"l-|Cr 2V1 + C/ 2 Vcoshr + sinhre^^ 

So we can easily calculate the other squeezed states from Eqs.( |2.3^) ,( p.33| ),( p.34|) . Here we 



only consider the M = 1 case. In this case, by making use of Eq.( 2.34 ) and the realization 
of su(l,l) algebra in terms of differential operators ( p.4| ), we can easily obtain 



¥2\x) = CoS{l,a)^2{x) = C'oiA + sinh{2r)x'^)x^ exp {yx 



(3.10) 



where 



A 



A + - ) (cos 6 — i cosh(2r) sin 6) 



(3.11) 



Then the distribution can be easily obtained as 



= |Cop + {A + A*) sinh(2r)x^ + sinh^(2r)x' 
Y = —{y + y*) = (cosh(2r) + sinh(2r) cos6')~"^ , 



2 \A\ 



rfA + i 



Y 



A+i 



+ {A + A*) sinh(2r) 



r A + 



+ sinh^(2r 



r(A + | 



Y 



1(3.12) 



Now let us analyze this distribution and compare it with the classical trajectory |]T8| 



and |^2(a;)|^ Fig.(l,2,3) and Fig.(4,5,6) show 



(solid curve) and |\E'2(x)|^ (broken 



curve) for various values of \(\ (or r), 6 and A. In general, the 



has up to three peaks 



because the positions xl of the peak satisfy a cubic equation. In these figures, the abscissa 



is dimensionless distance x of the two particles (see equation ( p.2|) ) and the ordinate is the 



probabilities |\E'2(x)|^ and 



. The vertical line denotes the position of the classical 



trajectory. Some features of these graphics are as follows. 



'1). The highest peak of 



becomes sharper and sharper as 6 decreases from 



to — TT. The maximum width of the peak at = is determined by r, as 



Vy 



~ e 



This 



property is shared by |\E'2(a^)|^ [|T8l. Especially, near 6 



-IT, 



changes rapidly. 



(2). The highest peak of 



^^^ix] 



follows the classical trajectory better than the |\E'2(a;) 



for 6 close to — vr (see Fig. (3) (6)). This is especially pronounced for large Q. Fig. (3) shows 



that the peak position of 



'^^\x] 



is almost the same as the classical trajectory. 
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(1) 2 

(3) . \l/2 (x) allows the multi-peak structure, while |\E'2(3;)| has only one peak. How- 

(1) ^ 

ever, for large Q, has also one peak (see Fig. (1,2,3)) only. 

(4) . Similarly with |\E'2(a;)| , ^E'2 (x) follows the classical trajectory well for large Q. 



Let us remark that the time evolution of the classical trajectory and the Perelomov's 
coherent states is relatively simple. It is described by the linear increase of the parameter 6: 
from 6 = 6q at t = to 9 = 6q + ut a.t time t. However, this is not the case for the squeezed 
states presented here. 

3.3 Discussion 

Before closing this section, let us mention that the states S{M,a)'^2{x) have the following 
form 



where Aj are some complex numbers and y is same as above. Then \S{M, a)\E'2(a;)p and the 
normalization constant can be obtained easily. It is easy to see that \S{M, a)'^2{x)\'^ has, in 
general, up to 2M + 1 peaks. 

4 Some su(l,l) optical systems 

Many quantum optical systems enjoy the su(l,l) symmetry. For example, the density- 
dependent HP system, the amplitude-squared system, the two-mode systems and a four- 
mode system are proposed recently. Here we show that these systems can be treated by the 
formalism in Sec. 2 in a unified way. 

4.1 Density-dependent HP realization 

The su(l,l) can be realized in terms of the single-mode electromagnetic field operators 



where a', a, and = a^a are the creation, annihilation and number operators of a single 
mode electromagnetic field satisfying [a, a^] = 1. This is the well-known HP realization of 
su(l,l) |T^. On the Fock space \n) = -^^^lO), we have 




(3.13) 



J+ = aW2k + A^, J- = V2k + Na, J° = k + N, 



(4.1) 




n) 



{n + k)\n). 



(4.2) 
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In comparison with Eqs.( |1.3| ), we see that the HP reahzations give rise to the discrete rep- 
resentation of su(l,l) on the usual Fock space. Therefore, by replacing the lowest-weight 
state |/c, 0) by the vacuum state |0) of the Fock space, we recover all the results in the Sec. 2. 
When k = 1/2, the state ( |2.27| ) reduces to the one given by Fan et. al. ||T^|. 



4.2 Amplitude squared realization 

The amplitude squared su(l,l) is realized by 



J+ = V, J- = la\ jO^lfiV+i). (4.3) 



2 ' 2 ' 2 V 2 

The representation on the usual Fock space is completely reducible and decomposes into a 
direct sum of two irreducible representations on the sectors Sq and Si 

Sj=s^a.n{\n)j = \2n + j) | n = 0, 1, 2, ■ ■ ■ } , j = 0, 1. (4.4) 

Representations on 5*^ can be written as 



J^\\n)j = \l{n + l)[n+3 + ]^]\\n + l)j, 



J \n)j = ]Jn(n + j - ^^\\n-l)j, 

J»j = {n+^- + \)\\n),, (4.5) 



where we have used the relation 



- V'(2n + j) {2n + j-l) = Jn[n + j--), for j = 0, 1. (4.6) 



We see that on the sector Sj the representation ([4.5|) is just the ^=9 + 1 discrete represen- 



tation of su(l,l). Then, from section 2, we immediately obtain 

f/^'-e*'sinh(2r)(j0-l) , . 
= Coexp , '\ ||0)„ (4.7) 



cosh(2r) (J° - I + 



which reduces to 



,,-D(-a)||0)„ D{-a)=exp{-\^' + ^a'), [U 



in the case (3' = — e*^sinh(2r) (f + and to 



jO-1 



II/?'), = CoLm { , ,_, J^ ||0)„ (4.9) 



70 I 1 _ 
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in the case 13' = e'^ sinh(2r) (m + i + 1^ , and furthermore to 



|/3), = D(a)||0),, D(a)=exp(|at2-^a2), (4.10) 



when M = 0. 



From Eqs. (|4.8| ) and ( 4.10 ) we see D(±a) is just the squeeze operator of the single mode 



electromagnetic field, and therefore the states in the sector 5*0 

D(±a)||0)o = /^(±a)|0) (4.11) 

give rise to the usual squeezed vacuum states. Therefore we see that the squeezed vacuum 
state of Weyl algebra can also be viewed as the ladder-operator squeezed state of the su(l,l) 
algebra. 

In the paper 0, Bergou et. al. expressed the cut off states \(3') in the Hermite polynomial 
form in the whole Fock space. This is because in this case the operator (J^)^ oc (a^,a) 
can be defined. Then using the connection between Laguerre and Hermite polynomials we 
can rewrite the Laguerre polynomial state in each sector as the Hermite polynomial state in 
the whole Fock space. Therefore we see that the Hermite state corresponds to the reducible 
representation and the Laguerre state to the irreducible representation. 

4.3 Two-mode realization 

Consider the two-mode photon operators 

J+ = a%\ J- = ab, J° = ^(A^i + N2 + 1), (4.12) 

where A^i = a^a, N2 = b'^b. These three operators generate the su(l,l), too. The Fock space 
JF of the two-mode states is decomposed into a direct sum of irreducible invariant subspaces 

= © © • ■ ■ © -^p^ © • • • , 
JFp+ = span{||n)+p = |n,n +p) | n = 0, 1, 2, ■ ■ ■ }, 

= span{||n)_p = |n + p, n) | n = 0, 1, 2, ■ ■ ■ }. (4.13) 

Representations on JF+ and JF~ are isomorphic and take the following form 



J+||n)±p = ^{n + l){n + p+l)\\n + l)±p, 
J~\\n)±p = \/n{n + p)\\n - l)±p, 

An)ip = (n + ^)\\n)^,. (4.14) 
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which are the representation ( |1.3| ) with k = {p + l)/2. Then replacing \k,0) by ||0)-i-p and 
k hj {p + l)/2, we obtain a class of squeezed states of two-mode systems. Among them we 
would like to mention the solution 

D{±a)\\0)±p, D{±a) = exp (^±aa^b^ t Oi*ah) , (4.15) 

which is nothing but the two-mode squeezed vacuum state proposed by Caves and Schu- 
maker . There they defined the two-mode squeezed states by applying the coherent 
displacement-operators Di{6) = exp((5a^ — 6*a) and D2{6) = exp{6b'' — 6*b) {6 is a complex 
number) of each mode on the above squeezed vacuum. This squeezed vacuum is a minimum 
uncertainty and ladder-operator squeezed state of the su(l,l) algebra. 



Let us remark that the cut off states of this system were also discussed in ||10|, |1^. In 
particular, the form J"*" = a"''6^ enables us to express the cut off state as the two-variable 



Hermite polynomial form, as discussed in the paper |13|. This procedure is carried out in 
the whole Fock space, not in the irreducible invariant subspaces of the su(l,l). 

4.4 Four-mode system 

Consider the following generators obtained from the two two-mode su(l,l) algebras (we call 
them (a,b)-mode and (c,d)-mode for convenience) in the last subsection 

J+ = aV + c"^d^ J- = ab + cd, J° = ^ (^a^a + b^b + c^c + dU + 2) . (4.16) 

They satisfy the su(l,l) algebra, too. To be more precise, Eqs.( [4.16D gives a Kronecker 
product of representations ([4.14|) of (a,b)- and (c,d)-mode su(l,l) algebras, denoted by Rp_^ 



and , respectively, which could be decomposed into the direct sum of the irreducible 



representations. For example. 



R 



pi 



R 



P2 



E 

P=Pl+P2 + l 



Rp. 



(4.17) 



The basis for the subspaces carrying the representation Rp can be obtained from those of 
(a,b)- and (c,d)-modes in terms of the Clebsch-Gordan coefficients, which have been explicitly 
given in ||22|. In particular, the vacuum state is given by 



1/2 



n 

Til 



n + pi +P2 
rii +pi 



1/2 



X |ni + pi, ni) ® \n — rii + p2,n — ni). (4.18) 
Then the representation Rj, is a standard discrete irreducible representation of su(l,l) in 



the form ( [4.14| ). So the exponential and cut off states can be discussed in the same way as 
in the last subsection. 
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5 Conclusion 



In this paper we have studied a class of the exponential and Laguerre polynomial squeezed 
states of the discrete representations of the su(l,l) Lie algebra. We have shown as an 
important result that the Perelomov's coherent states of the su(l,l) Lie algebra are at the 
same time the eigenstates of a proper linear combination of the raising and the lowering 
operators J^, namely, they are ladder-operator squeezed states and the minimum uncertainty 
states. The relationship between these states and the Perelomov's coherent states is also 
revealed. 

Applying to the CS model, we find a class of new minimum uncertainty states starting 
from the Perelomov's coherent state. We present the cut off squeezed state with M = 1, 
analyzed its properties and compare them with the classical trajectory and Perelomov's 
coherent states. 

The approach in this paper presents a unified treatment of quantum optical su(l,l) 
systems. In particular, the cut off states are expressed unifiedly in terms of the Laguerre 
polynomial. The connection with Hermite polynomial representation [T^, of these 
states is clarified. 

It is a good challenge to investigate further the exponential and cut off states for M > 1 
for the CS model. The present approach is also expected to play important roles in studying 
the time-dependent singular oscillator systems . 



Appendix A. Convergence of the operator D{a 



The following theorem and corollaries on the convergence of a power series is powerful 
and useful in this appendix. 

Theorem 1 If a power series ofr, a{r) = I]^=o '^m'"™ converges atr = rQ, then it converges 
for all values ofr in the circle \r\ < |ro|. 

This can be rephrased as 

Corollary 1 If a power series of r, a{r) diverges at r = r^, then it never converges outside 
of the circle \r\ > |ro| . 

We mainly use the following 

Corollary 2 If a suhseries b{r) of a power series a(r) diverges at r = tq, then the original 
power series a{r) never converges outside of the circle \r\ > |ro|. 
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This can be proved as follows: Supposing that a(r) converges at a point r = ri, |ri| > |ro|, 
then a(r) converges absolutely at r = tq. Therefore its arbitrary subseries, including b{r), 
converge at r = tq, which is a contradiction. 

Now we prove that the operator D{a) (see ( |2.2| )) is ill-defined for \a\ > 2 for the dis- 
crete representation ( |1.3| ). To do this we first consider the operator e'^^'^^'^'^ ^ and take the 
expectation value 



oo 



\k,n). 



(k,n\e'-^-^^+^'^\k,n) = (k,n\ V — -(J+ + r 
Since only the even power terms are non- vanishing we get 

oo „2m 



(A.i: 



Among the 2^"^ terms in the expansion of (J^ + J~)^"* we take the middle term J~"^J^"^ 
only and consider the following subseries of (|A.1| ) 



h{r) = y: 



oo ^2m 



(2m)! 



which can be easily evaluated: 



m=0 



{k,n\J-"'J+'^\k,n), 



{n + m)\{n + 2k + m — 1)\ 



(A.2) 



{2my.n\{n + 2k - 1)\ 
From this we can easily find that its radius of convergence p is given by 

(2m + l)(2m + 2) 



(A.3) 



lim 


dm 


= lim 


dm+1 


m— >oo 


m— >oo 



{n + m + l){n + 2k + m) 



4. 



(A.4) 



Thus we find from Corollary 2 that the operator e'''("'^+"' ^ diverges for |r| > 2. 
Secondly, taking into account of the algebraic isomorphism of su(l,l) 



J' 



J" 



(A.5) 



and replacing r — > —ir, with real r, we find that the operator D{a) is ill-defined for |a| > 2, 
a = re . 

It is interesting that each exponential operator in the right side of the identity 



aJ+-a''J- ^ gC^+g-ln(coshr)2jO^-C*J 



e"^^-"", C = e^^tanh(r) 



(A.6) 



is well-defined for all real values of r because |C| < 1 is always true. One might be tempted 
to use the above identity to define the left side e""^^""*-^ for all real value of r. However, in 



the proof of this identity, differentiation on the left-side is used |^ . That means the proof is 
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valid only in the parameter range in which D{a) converges absolutely. Outside of this region 
the operator itself is ill-defined and the termwise differentiation is not allowed. A similar 
remark applies to the squeeze operator e^i^'""-''^-^ '*'^^) of the simple-mode electromagnetic 
field 

We believe the above formula is ill-defined for |r| > 2. 

By using the same argument we can show that the "unitary" operators e*'^("^"+""), n >3, 
have zero radii of convergence. This fact has already been noted in paper The proof can 



be generalized further to any "unitary" operator e*'''*('*^'"\ in which h{a\a) is a hermitian 
operator consisting of a polynomial in and a. If h{a\ a) contains a term f{N)o)"', n > 3, 
where f{N) is an arbitrary function of the number operator = aa\ then the "unitary" 
operator e*^'^('^^''*) has a zero radius of convergence. These hermitian operators form an infinite 
dimensional Lie algebra, W^o algebra, which is a symmetry algebra of the electron states of 



the lowest Landau level in a very strong magnetic field [^. The above remark also implies 
that the PFoo-group, to be obtained by the exponentiation of these Woo generators, is simply 
ill-defined. 

Appendix B. Direct derivation of Eq.( [2.29| ) 

Let us differentiate Z)(a)|fc,0) (a = re*^ as before) with respect to r 

^Dia)%Q) = (e''j+ -e-''j-)D(a)\k,0). (B.l) 
dr ^ / 

On the other hand, D{a)\k, 0) can be also expressed by using (|A.6|) 



D{a)\k,0) = ^-y^exp (e^^tanhrJ+) |A;,0). (B.2) 

From this we get 

^D(a)\k,0) = f-2fctanhr + e*^sechVj+)D(a)|A;,0). (B.3) 
dr ^ y 

By equating (|B.1|) and ( p.3|) we get 



[e'^J+ - e-'^J-) D{a)\k,0) = [-2ktanhr + e''^sech\j+) D{a)\k,0) (B.4) 

Multiplying (^) by e'^ and moving the second term on the right side to the left, we 
immediately obtain the equation ( |2.29| ). 
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Figure 1: A = 9.5, r = 0.951, ^ = 0. Strong C-S coupling and broadly peaked. 
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Figure 2: A = 9.5, r = 0.951, 9 = — f . Strong coupling and mediumly peaked. 
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Figure 3: A = 9.5, r = 0.951, 9 — — tt. Strong coupling and narrowly peaked. 
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Figure 4: A = 1.1, r = 0.69, 6 = 0. Weak C-S coupling and broadly peaked. 
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Figure 5: A=l.l, r = 0.69, ^ = — |. Weak coupling and mediumly peaked. 




Figure 6: A = 1.1, r = 0.69, 6 = — tt. Weak coupling and narrowly peaked. 
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